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Abstract
We consider the massive relativistic particle models on fourdimensional Minkowski
space extended by N commuting Weyl spinors for N = 1 and N = 2. The N = 1 model
is invariant under the most general form of bosonic counterpart of simple D = 4 super-
symmetry, and provides after quantization the bosonic counterpart of chiral superfields,
satisfying Klein–Gordon equation. In massless case these fields do satisfy the Fierz-Pauli
equations. For N = 2 we obtain after quantization the free massive higher spin fields
for arbitrary spin satisfying linear Bargman–Wigner equations. Finally the problem of
statistics in presented framework for half–integer classical spin fields is discussed.
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1 Introduction
Important extensions of the relativistic symmetries were considered in the following two direc-
tions:
1. Supersymmetric extension, relating by supersymmetry (SUSY) transformations integer
and half–integer spin fields (see e. g. [1, 2]). The geometric way of describing super-
symmetric multiplets is realized in terms of superfields – the functions on superspace
YA = (xµ, θ
i
α, θ¯
i
α˙) where θ
i
α are anticommuting Grassmann spinors.
2. Introduction of higher spin (HS) algebras, which act on infinite spin multiplets or ifm = 0
on infinite helicity multiplets (see e. g. [3]-[5]). The representation spaces of HS algebras
are described by the functions on ‘bosonic’ superspace ZA = (xµ, λ
i
α, λ¯
i
α˙) with additional
commuting spinor variables λiα. The bosonic counterparts of superfields one can call the
spinorial Kaluza–Klein (KK) fields, with spinorial additional dimensions. We obtain
ΦA(ZA) =
∞∑
n,k=0
∑
(α1...αn)
(β˙1...β˙k)
∑
(i1...in)
(j1...jk)
ϕα1...αnβ˙1...β˙kA;i1...inj1...jk(x)λ
i1
α1
. . . λinαn λ¯
j1
β˙1
. . . λ¯jk
β˙k
. (1)
The auxiliary commuting spinorial variables (λiα, λ¯
i
α˙) occurs in several geometric frame-
works, for example in twistor approach to the space–time geometry [6]-[8] or in the models
with double (target and world volume) supersymmetry [9]-[11].
In this note we would like to study the group-theoretic and dynamical consequences of
introducing bosonic counterpart of supersymmetry, obtained by supplementing the Poincare´
algebra by bosonic spinorial charges. We recall the general N = 1 SUSY relation with tensorial
charges [12, 13]
{Qa, Qb} = 2(γ
µC)abPµ + (σ
µνC)abZµν (2)
where in Majorana representation C = γ0 and
– Qa is a four–component Majorana spinor of supercharges
– Zµν = −Zνµ describe six Abelian tensorial charges.
The bosonic counterpart of general N = 1 SUSY takes the form
[Ra, Rb] = 2(γ
µγ5C)abPµ + 2CabZ
(1) + 2(γ5C)abZ
(2) (3)
where
– Ra is a four–component spinor of bosonic charges
– Z(1) (Z(2)) are scalar (pseudoscalar) central charges.
In order to obtain in (3) the standard inversion properties of the fourmomentum generator one
should assume suitable transformation properties of the spinor Ra.
1
1Spinorial supercharges transform under space–time inversions in standard way (Q′a = (γ0Q)a for the space
inversion P , Q′a = (γ0γ5Q)a for the time inversion T ). The bosonic spinorial charges Ra are so–called pseu-
dospinor [14, 15]) transforming under inversion in alternative way (R′a = (γ0γ5R)a under P , R
′
a = (γ0R)a under
T ).
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Our aim is to study the massive relativistic particle models invariant under bosonic coun-
terpart of SUSY and perform their quantization. Contrary to the case of simple SUSY the
N = 1 relation (3) contains scalar and pseudoscalar central charges, which can be related
with the mass parameter. In Sect. 2 we describe (using two–component Weyl notation) the
particle model describing the trajectory in the spinorial KK space M4,4 with the coordinates
ZA = (xµ, λα, λ¯α˙). After calculating the complete set of constraints we perform the quantization
using either Heisenberg picture or the Gupta–Bleuler method (Schro¨dinger picture).2 We shall
obtain the wave function Ψ(ZA) satisfying the KG equation and the bosonic counterpart of the
chirality condition. In Sect. 3 we analyze the massless limit of our model, with massless fields
with arbitrary helicity satisfying Fierz-Pauli equations. In Sect. 4 we consider the relativistic
particle in N = 2 spinorial KK space M4,8 with the coordinates (xµ, λαi, λ¯α˙i) (i = 1, 2). It
appears that for the particular choice of bosonic counterpart of N = 2 SUSY, with internal
symmetry O(1, 1), one can obtain the linear Bargman–Wigner equations for D = 4 massive
higher spin fields [18, 15]. In Sect. 5 we shall discuss the problem of nonstandard relation
between spin and statistics for the field components of spinorial KK fields.
2 Massive particle model with N = 1 bosonic counter-
part of SUSY.
2.1 Classical model
We consider the following action3
S =
∫
dτ L , (4)
L = −m(ω˙µω˙
µ)1/2 − i(zλ˙αλα − z¯λ¯α˙
˙¯λα˙) (5)
where
dωµ = ω˙µdτ = dxµ − idλασµ
αβ˙
λ¯β˙ + iλασµ
αβ˙
dλ¯β˙ . (6)
The action (4)-(6) describes the particle trajectory in Minkowski space extended by two com-
muting complex Weyl spinor coordinates λα(τ), λ¯α˙ = (λα) and invariant under the following
spinorial bosonic transformation
δxµ = iλασµ
αβ˙
ε¯β˙ − iεασµ
αβ˙
λ¯β˙ , δλα = εα , δλ¯α˙ = ε¯α˙ (7)
where εα is a constant commuting Weyl spinor. The constantm is the mass of particle whereas z
is an arbitrary complex parameter with the dimension of mass. It is easy to see that performing
the suitable phase transformation λ′α = e
iaλα, λ¯
′
α˙ = e
−iaλ¯α˙, where a =
1
2
arg z one gets the real
parameter z.
2Gupta–Bleuler method has been applied to massive relativistic superparticle e. g. in [16, 17].
3We use following notations. The metric has mostly minus ηµν = diag(+ − −−). The Weyl two–spinor
indices are risen and lowered by ϕα = ǫαβϕβ , ϕα = ϕ
βǫβα, ϕ¯
α˙ = ǫα˙β˙ϕ¯β˙ , ϕ¯α˙ = ϕ¯
β˙ǫβ˙α˙ where ǫ
αβǫβγ = −δ
α
γ ,
ǫα˙β˙ǫβ˙γ˙ = −δ
α˙
γ˙ . Algebra σ–matrices σ
µ
αβ˙
= (σµβα˙) and σ
α˙α
µ = ǫ
αβǫα˙β˙σµββ˙ is σµαγ˙σ
γ˙β
ν + σναγ˙σ
γ˙β
µ = 2ηµνδ
β
α. Also
we define pαβ˙ = pµσ
µ
αβ˙
, pα˙β = pµσα˙βµ for any vector pµ.
2
Conserved Noether spinorial charges corresponding to the transformations (7) are
Rα ≡ πα − ipαβ˙λ¯
β˙ − izλα , (8)
R¯α˙ ≡ π¯α˙ + iλ
βpβα˙ + iz¯λ¯α˙ (9)
where the canonical momenta are defined by
pµ =
∂L
∂x˙µ
= −m(ω˙ν ω˙
ν)−1/2ω˙µ , (10)
πα =
∂L
∂λ˙α
= −ipαβ˙λ¯
β˙ − izλα , (11)
π¯α˙ =
∂L
∂ ˙¯λα˙
= iλβpβα˙ + iz¯λ¯α˙ . (12)
Using the canonical Poisson brackets
{xµ, pν} = δ
µ
ν , {λ
α, πβ} = δ
α
β , {λ¯
α˙, π¯β˙} = δ
α˙
β˙
(13)
we obtain the algebra
{Rα, R¯β˙} = −2ipαβ˙ , (14)
{Rα, Rβ} = 2izǫαβ , {R¯α˙, R¯β˙} = −2iz¯ǫα˙β˙ (15)
which is equivalent to the algebra (3) with Z = Z(1) + iZ(2) = z.
From (10)–(12) follow the mass shell constraint and the set of four spinorial constraints
T ≡ p2 −m2 ≈ 0 , (16)
Dα ≡ πα + ipαβ˙λ¯
β˙ + izλα ≈ 0 , (17)
D¯α˙ ≡ π¯α˙ − iλ
βpβα˙ − iz¯λ¯α˙ ≈ 0 (18)
Using the formulae (10)-(12) we confirm that the canonical Hamiltonian vanishes4
H = x˙µpµ + λ˙
απα + π¯α˙
˙¯λα˙ − L = 0 .
and the total Hamiltonian is the linear combination of first class constraints multiplied by
Lagrange multipliers.
The constraints (16)-(18) satisfy the following Poisson brackets
{Dα, D¯β˙} = 2ipαβ˙ , (19)
{Dα, Dβ} = −2izǫαβ , {D¯α˙, D¯β˙} = 2iz¯ǫα˙β˙ . (20)
The scalar constraint T ≈ 0 is first class and all the spinorial constraints (17), (18) are second
class. Indeed we find that the determinant of the matrix
C =
(
{Dα, Dβ} {Dα, D¯β˙}
{D¯α˙, Dβ} {D¯α˙, D¯β˙}
)
=
(
−2izǫαβ 2ipαβ˙
−2ipβα˙ 2iz¯ǫα˙β˙
)
. (21)
4The vanishing of Hamiltonian follows from the invariance of the action (4–6) under the arbitrary local
rescaling τ → τ ′ = τ ′(τ).
3
is equal to5
det C = 16(p2 + |z|2)2. (22)
We see from (22) that the matrix C (see (21)) is invertible for any z, and the constraints (17–18)
are second class.
2.2 Quantization
The first quantization of the model can be performed using one of two methods:
i) Following the technique of quantization of systems with second class constraints one
can introduce Dirac brackets (DB) for the independent phase space degrees of freedom ZM =
(xµ, pµ, λα, λ¯α˙)
{ZM ,ZN}
∗ = {ZM ,ZN} − {ZM , Dr}(C
−1)rs{Ds,ZN} (23)
where Dr = (Dα, D¯α˙). In particular for suitably normalized spinor coordinates
6
ηα = [2(p
2 + |z|2)]1/2λα , η¯α˙ = [2(p
2 + |z|2)]1/2λ¯α˙ (24)
one obtains the relations
{ηα, ηβ}
∗ = −iz¯ǫαβ , {η¯α˙, η¯β˙}
∗ = izǫα˙β˙ , {ηα, η¯β˙}
∗ = ipαβ˙ (25)
leading after quantization to noncommutative Weyl spinor coordinates. Similarly one can
calculate
{xµ, xν}
∗ = i
2(p2+|z|2)
Sµν ,
Sµν = λα
[
(σµν)α
βpβγ˙ + pαβ˙(σ¯
µν)β˙ γ˙
]
λ¯γ˙ + zλα(σµν)α
βλβ + z¯λ¯α˙(σ¯
µν)α˙β˙λ¯
β˙ ,
(σµν)α
β ≡ 1
2
(σµαγ˙σ
νγ˙β − σναγ˙σ
µγ˙β) , (σ¯µν)α˙β˙ ≡
1
2
(σµα˙γσν
γβ˙
− σνα˙γσµ
γβ˙
) ,
i.e. we see that the coordinates are becoming also noncommutative.
One can note that after the linear transformation of the form
η′α = ηα + cpαβ˙ η¯
β˙ , η¯′α = η¯α˙ + c¯η
βpβα˙ , (26)
we can obtain from the algebra (25) for certain choice of c the DB relations {η′α, η
′
β}
∗ ∼ ǫαβ ,
{η′α, η¯
′
β˙
}∗ = 0. The algebra of such type is used for description of massless fields with arbitrary
helicities in [3,4]. For other choice of c we obtain alternatively {η′α, η
′
β}
∗ = 0, {η′α, η¯
′
β˙
}∗ ∼ pαβ˙ . In
such a case η′α and η¯
′
α˙ can be treated as of suitably rescaled creation and annihilation operators.
ii) Other way is the Gupta–Bleuler quantization method. Such a technique implies the split
of the second class constraints into complex–conjugated pairs, with holomorphic and antiholo-
morphic parts forming separately the subalgebras of first class constraints. The algebra (19–20)
5In calculation it is convenient to use that det C = detD det(A − BD−1C) for matrix C =
(
A B
C D
)
=(
1 B
0 D
)(
A−BD−1C 0
D−1C 1
)
.
6On the mass shell T ≈ 0 and at z = m we get ηα = 2mλα and η¯α˙ = 2mλ¯α˙.
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of the constraints (17), (18) does not satisfy these requirements. Let us introduce, however,
new constraints as follows
Dα = Dα +
b
z¯
pαβ˙D¯
β˙ , D¯α˙ = D¯α˙ +
b¯
z
Dβpβα˙ , (27)
D¯α˙ = (Dα). If b satisfies the equation (b
2− 2b)m
2
|z|2
− 1 = 0 (i.e. b = (1±
√
1 + |z|
2
m2
)) the algebra
of the constraints (27) takes the form
{Dα,Dβ} =
2i
z¯
ǫαβT , {D¯α˙, D¯β˙} = −
2i
z
ǫα˙β˙T , {Dα, D¯β˙} = −4b(1 +
m2
|z|2
)ipαβ˙ −
2b2i
|z|2
pαβ˙T .
We see that the constraints (27) are suitable for application of Gupta–Bleuler quantization
method. It should be mentioned that the transformation from constraints (Dα, D¯α˙) to con-
straints (Dα, D¯α˙) is invertible.
We shall assume that the wave function satisfies the Klein–Gordon equation, what follows
from the constraint (16). On the mass shell (16) the constraints (27) have the form
Dα = π
′
α − 2b(1 +
m2
|z|2
)ipαβ˙λ¯
′β˙ ≈ 0 , D¯α˙ = π¯
′
α˙ + 2b(1 +
m2
|z|2
)iλ′βpβα˙ ≈ 0 (28)
where we introduced new spinor variables via the following canonical transformation
π′α ≡ πα +
b
z¯
pαβ˙π¯
β˙ , π¯′α˙ ≡ π¯α˙ +
b
z
πβpβα˙ , (29)
λ′α ≡ |z|
2
|z|2+b2p2
(λα − b
z
λ¯β˙p
β˙α) , λ¯′α˙ ≡ |z|
2
|z|2+b2p2
(λ¯α˙ − b
z¯
pα˙βλβ) (30)
i.e. we obtain the standard canonical commutation relations (compare with (13))
{λ′α, π′β} = δ
α
β , {λ¯
′α˙, π¯′
β˙
} = δα˙
β˙
, {λ′α, π¯′
β˙
} = {λ¯′α˙, π′β} = 0 . (31)
For the quantization of our model we consider the Schro¨dinger representation of the
CCR (31)
π′α = −i∂/∂λ
′α , π¯′α˙ = −i∂/∂λ¯
′α˙ (32)
and use the wave function Ψ in the momentum representation, i.e. Ψ = Ψ(pµ, λ
′α, λ¯′α˙). The
spinorial wave equation D¯α˙Ψ = 0 takes the following form
7
(−∂/∂λ¯′α˙ + 2b(1 + m
2
|z|2
)λ′βpβα˙)Ψ = 0 . (33)
The solution of (33) is given by
Ψ(pµ, λ
′α, λ¯′α˙) = e
2b(1+
m2
|z|2
)λ′βpβα˙λ¯
′α˙
Ψ˜(pµ, λ
′α) (34)
where the field Ψ˜(pµ, λ
′α) depends only on one Weyl spinor λ′α and provides the bosonic coun-
terpart of D = 4 N = 1 chiral superfield.
Due to the bosonic nature of λ′α in expansion of Ψ˜(pµ, λ
′α) there is an infinite number of
space–time fields ψα1···αn(p) = ψ(α1···αn)(p), n = 0, 1, . . . ,∞. The mass–shell condition (16) after
7The choice of Dα in place D¯α˙ is equally well possible.
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the transition by Fourier transformation to the space–time picture, leads to the Klein–Gordon
(KG) equation ( ≡ ∂µ∂
µ)
(+m2)Ψ(x;λ, λ¯) = 0 ⇔ (+m2)ψα1···αn(x) = 0 (n = 0, 1, 2, . . .) . (35)
Here we should observe that
i) The half-integer spin fields (n odd) satisfy KG equation, however in massless case the
half-integer helicity fields do satisfy linear equations (see Sect. 3),
ii) The spin–statistic theorem is not valid – both integer and half–integer spin fields are
bosonic. We shall come back to the question of statistics in Sect. 4.
3 Massless particle model with N = 1 bosonic counter-
part of SUSY
The model (4), (5) can be described equivalently by the Lagrangian
L = − 1
2e
(ω˙µω˙
µ + e2m2)− i(zλ˙αλα − z¯λ¯α˙
˙¯λα˙) . (36)
After eliminating the einbein e by means of its equation of motion, from (36) one obtains the
Lagrangian (5). The massless limit of (36) looks as follows
L = − 1
2e
ω˙µω˙
µ − i(zλ˙αλα − z¯λ¯α˙
˙¯λα˙) . (37)
Besides the constraint pe ≈ 0 which implies pure gauge character of the einbein e, from (37)
one gets the following constraints
T = p2 ≈ 0 , (38)
Dα = πα + ipαβ˙λ¯
β˙ + izλα ≈ 0 , D¯α˙ = π¯α˙ − iλ
βpβα˙ − iz¯λ¯α˙ ≈ 0 . (39)
The nonvanishing Poisson brackets are
{Dα, D¯β˙} = 2ipαβ˙ , {Dα, Dβ} = −2izǫαβ , {D¯α˙, D¯β˙} = 2iz¯ǫα˙β˙ . (40)
The mass constraint (38) is of the first class. The determinant of the Poisson brackets ma-
trix (21) characterizing the spinorial constraints (39) is the following
det C = 16(p2 + |z|2)2 ≈ 16|z| 4. (41)
If z 6= 0 all spinorial constraints (39) are second class. In the case of vanishing central charges
z = 0 the four spinorial constraints (39) contain two second class constraints and two first class.
Below we analyze massless particle at z = 0 with spinorial first class constraints, defined as
follows:
F α˙ = pα˙βDβ ≈ 0 , F¯
α = D¯β˙p
β˙α ≈ 0 (42)
with the following Poisson brackets
{F α˙, D¯β˙} = 2iδ
α˙
β˙
T ≈ 0 , {F¯ α, Dβ} = −2iδ
α
βT ≈ 0
6
But the first class constraints (42) are reducible: pαβ˙F
β˙ ≈ 0, F¯ βpβα˙ ≈ 0. The irreducible
separation of first and second class constraints is obtained by projecting of the spinorial con-
straints (39) along spinors λα and λ¯α˙p
α˙α.8 The constraints
G ≡ λαDα ≈ 0 , G¯ ≡ D¯α˙λ¯
α˙ ≈ 0 (43)
are second class whereas the constraints
F ≡ λ¯α˙p
α˙αDα ≈ 0 , F¯ ≡ D¯α˙p
α˙αλα ≈ 0 (44)
are of first class. Their Poisson brackets look as follows:
{G, G¯} = 2iλαpαα˙λ¯
α˙ 6≈ 0 , {F, F¯} = −(λαπα − π¯α˙λ¯
α˙) T ,
{G,F} = −{G¯, F} = F , {G, F¯} = −{G¯, F¯} = −F¯ .
We carry out quantization of massless particle with N = 1 bosonic counterpart of SUSY
by Gupta–Bleuler method. The wave equations are imposed by the first class constraints (38),
(44) T ≈ 0, F ≈ 0, F¯ ≈ 0 and either G¯ ≈ 0 or G ≈ 0. But the pair of constraints G ≈ 0 and
F ≈ 0 are equivalent to the constraints Dα ≈ 0; similarly the constraints G¯ ≈ 0 and F¯ ≈ 0 are
equivalent to the constraints D¯α˙ ≈ 0. Thus we have two possible quantizations:
– ‘bosonic chiral’ quantization with the wave equations
T |Ψ〉 = 0 , F |Ψ〉 = 0 , D¯α˙|Ψ〉 = 0 (45)
– ‘bosonic antichiral’ quantization with wave function subjected to the conditions
T |Ψ〉 = 0 , F¯ |Ψ〉 = 0 , Dα|Ψ〉 = 0 . (46)
Let us consider the chiral case. In the representation
pµ = −i∂/∂x
µ ≡ −i∂µ , πα = −i∂/∂λ
α ≡ −i∂α , π¯α˙ = −i∂/∂λ¯
α˙ ≡ −i∂¯α˙
the wave function Ψ(x, λ, λ¯) satisfies the equations
Ψ = 0 , (47)
D¯α˙Ψ = (−i∂¯α˙ − λ
β∂βα˙) Ψ = 0 (48)
− iλ¯α˙∂
α˙αDαΨ = −λ¯α˙∂
α˙α∂αΨ = 0 (49)
In the variables xµL = x
µ + iλσµλ¯, λα, λ¯α˙ bosonic SUSY-covariant derivatives take the form
Dα = −i∂α + 2∂Lαα˙λ¯
α˙ , D¯α˙ = −i∂¯α˙ . (50)
8This procedure is corrected since spinors λα and λ¯α˙p
α˙α are not proportional in considered task. Otherwise,
when λαpαα˙λ¯
α˙ = 0, we have pαα˙ ∼ λαλ¯α˙. Then the spinorial constraints (39), taking the form πα ≈ 0, π¯α˙ ≈ 0,
exclude completely the dependence on λ, λ¯. As result we obtain the system describing only by the variables
xµ, pµ and the constraint (38) i. e. the massless particle of zero helicity.
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Thus due to the chirality condition (48) the wave function does not depend on λ¯α˙. It depends
only on the left chiral variables zL = (x
µ
L, λ
α), and commuting spinor λ. One can write the
following expansion
Ψ(xL, λ) =
∞∑
n=0
λα1 . . . λαnφα1...αn(xL) (51)
where the multispinor fields are totally symmetric in spinor indices, i.e. φα1...αn = φ(α1...αn).
The usual fields depending on real space–time coordinates xµ are obtained by
φα1...αn(x) = e
−iλσµλ¯∂µφα1...αn(xL) .
The equation (49) gives Fierz–Pauli equations for the component fields
∂β˙β φβα2...αn = 0 . (52)
The Klein–Gordon equation φα1...αn = 0, resulting from (47), follows also from (52). We
see therefore that the expansion of the wave function (51) describes an infinite set of massless
particles with helicities n/2.
The Gupta-Bleuler quantization procedure presented here is analogous to the one used for
the quantization of massless Brink-Schwarz superparticle, but due to the bosonic character of
spinorial variable λα we get infinite helicity spectrum. We recall that the infinite set of integer
and half–integer helicities describes also the spectrum of supersymmetric massless particles
propagating in tensorial superspace [13].
4 Massive relativistic particles with N = 2 bosonic coun-
terpart of SUSY.
4.1 N = 2 action and the constraints
Let us introduce two commuting Weyl spinors λαi , λ¯
α˙
i = (λ
α
i ) (i = 1, 2). The natural general-
ization of the Lagrangian (5) is
L = −m(ω˙µω˙
µ)1/2 − i(zijλ˙
α
i λαj − z¯ijλ¯α˙j
˙¯λα˙i ) . (53)
Here the constant matrix zij is symmetric, zij = zji; the last terms in (53) are total derivatives,
e.g. zijλ˙
α
i λαj =
1
2
(zijλ
α
i λαj) if zij = −zji.
The ω–form can be written in general case as follow
ω˙µ = x˙µ − iκij(λ˙
α
i σ
µ
αβ˙
λ¯β˙j − λ
α
j σ
µ
αβ˙
˙¯λ
β˙
i ) (54)
where κij = κji is the 2 × 2 Hermitean metric in N = 2 unitary space. If we consider possible
linear definitions of spinors λαi in N = 2 internal space one can choose
κij =
(
1 0
0 κ
)
(55)
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where κ is real.
From expressions for the canonical momenta
pµ =
∂L
∂x˙µ
= −m(ω˙ν ω˙
ν)−1/2ω˙µ , (56)
παi =
∂L
∂λ˙αi
= −iκijpαβ˙λ¯
β˙
j − izijλαj , (57)
π¯α˙i =
∂L
∂ ˙¯λα˙i
= iκijλ
β
j pβα˙ + iz¯ijλ¯α˙j (58)
we obtain the following constraints
T ≡ p2 −m2 ≈ 0 , (59)
Dαi ≡ παi + iκijpαβ˙λ¯
β˙
j + izijλαj ≈ 0 , (60)
D¯α˙i ≡ π¯α˙i − iκijλ
β
j pβα˙ − iz¯ijλ¯α˙j ≈ 0 . (61)
Using the canonical Poisson brackets
{xµ, pν} = δ
µ
ν , {λ
α
i , πβj} = δ
α
β δij , {λ¯
α˙
i , π¯β˙j} = δ
α˙
β˙
δij
({λαi, πβj} = {παi, λβj} = −ǫαβδij , {λ¯α˙i, π¯β˙j} = {π¯α˙i, λ¯β˙j} = −ǫα˙β˙δij) we obtain nonzero
Poisson brackets of the constraints (59)-(61)
{Dαi, D¯β˙j} = 2iκijpαβ˙ , (62)
{Dαi, Dβj} = −2izijǫαβ , {D¯α˙i, D¯β˙j} = 2iz¯ijǫα˙β˙ . (63)
It should be pointed out that the relations (62), (63) with changed sign on the rhs describe the
bosonic counterpart of the generalized N = 2 superalgebra with the Hermitean metric κij in
internal N = 2 space.
The constraint (59) T ≈ 0 is the first class constraint. From the spinor constraints (60),
(61) one gets the following 4× 4 matrix of PB
C =
(
{Dαi, Dβj} {Dαi, D¯β˙j}
{D¯α˙i, Dβj} {D¯α˙i, D¯β˙j}
)
=
(
−2izijǫαβ 2iκijpαβ˙
−2iκijpβα˙ 2iz¯ijǫα˙β˙
)
. (64)
We obtain that
det C = 28[det(zˆˆ¯z + p2κˆˆ¯z
−1
κˆˆ¯z)]2
where ‘hats’ denote the corresponding matrices, i.e. zˆ = (zij), ˆ¯z = (z¯ij) and κˆ = (κij) is given
by (55). One can consider two cases:
i) If matrix zˆ = (zij) is diagonal, (zij) =
(
z1 0
0 z2
)
, we obtain that det(zˆˆ¯z + p2κˆˆ¯z
−1
κˆˆ¯z) =
(|z1|
2 + p2)(|z2|
2 + p2κ2), i.e. it is always nonvanishing. We see therefore that for arbitrary
values of κ and z1, z2 all the constraints (60), (61) are second class.
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ii) In case of antidiagonal matrix (zij) =
(
0 z
z 0
)
(we remind that matrix zij is symmetric),
we obtain that det(zˆˆ¯z+p2κˆˆ¯z
−1
κˆˆ¯z) = (|z|2+p2κ)2. One gets that the matrix of Poisson brackets
of the constraints (64) has vanishing determinant if κ = − |z|
2
m2
< 0 and we conclude that in such
a case the first class constraints are present in the model. Putting z = m, i.e. κ = −1, it is
easy to check that the unitary metric tensor κij implies the invariance of the form ωµ (see (54))
under U(1, 1) symmetry. The presence of the central charge reduces however this symmetry to
the invariance group O(1, 1) = U(1, 1)∩O(2; c), and only in this case the first class constraints
are present in the model (53).9
In case ii) we will consider a simple choice z = m, i.e. κ = − |z|
2
m2
= −1. Introducing the
notations λα1 ≡ λ
α and λα2 ≡ η
α the Lagrangian (53) and ω–form (54) are
L = −m(ω˙µω˙
µ)1/2 − im(λ˙αηα + η˙
αλα − λ¯α˙ ˙¯η
α˙ − η¯α˙
˙¯λα˙) , (65)
ω˙µ = x˙µ − i(λ˙ασµ
αβ˙
λ¯β˙ − λασµ
αβ˙
˙¯λ
β˙
) + i(η˙ασµ
αβ˙
η¯β˙ − ηασµ
αβ˙
˙¯η
β˙
) . (66)
4.2 Description of the model in terms of Dirac spinors
The formulation (65) has an attractive interpretation if we pass to the commuting four–
component Dirac spinor
ψa =
(
λα
η¯α˙
)
where a = 1, 2, 3, 4. The Dirac matrices (γµ)a
b in Weyl representation are as follows
(γµ)a
b =
(
0 σµ
αβ˙
σµα˙β 0
)
, {γµ, γν} = 2ηµν
where σ0
αβ˙
= σ0α˙β = 12 and σ
i
αβ˙
= −σiα˙β (i = 1, 2, 3) are the Pauli matrices. Then
ψ¯a = (ψ+γ0)
a = (ηα, λ¯α˙)
and we obtain
˙¯ψψ − ψ¯ψ˙ = λ˙αηα + η˙
αλα − λ¯α˙ ˙¯η
α˙ − η¯α˙
˙¯λα˙ ,
˙¯ψγµψ − ψ¯γµψ˙ = η˙ασµ
αβ˙
η¯β˙ − λ˙ασµ
αβ˙
λ¯β˙ − (ηασµ
αβ˙
˙¯η
β˙
− λασµ
αβ˙
˙¯λ
β˙
) .
Thus the Lagrangian (65) takes in the notation using Dirac spinor ψ the following simple form
L = −m(ω˙µω˙
µ)1/2 − im( ˙¯ψψ − ψ¯ψ˙) , (67)
9We recall that in case of standard N = 2 superparticle when spinor variables are Grassmannian and the
matrix zij is skew–symmetric, (zij) =
(
0 z
−z 0
)
, the first class constraints are presented (the matrix of
Poisson brackets of the constraints has vanishing determinant) if κ = |z|
2
m2
> 0 and the internal N = 2 symmetry
in the presence of central charges z = m is U(2) ∩ Sp(2; c) = SU(2).
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where
ω˙µ = x˙µ + i( ˙¯ψγµψ − ψ¯γµψ˙) . (68)
We would like to point out that the model with spinorial variables described by Dirac spinor
corresponds to the choice of noncompact internal sector, with the metric κij = diag(1,−1). It
should be added that the model (67) in different context has been firstly proposed in [19].
4.3 Gupta-Bleuler quantization of the model
The constraints (59)–(61) for z = m or equivalently κ = −1, written in Dirac notation, are the
following
T ≡ p2 −m2 ≈ 0 , (69)
Da ≡ πa + iψ¯b(pˆ−m)b
a ≈ 0 , (70)
D¯a ≡ π¯a − i(pˆ−m)a
bψb ≈ 0 . (71)
Here πa and π¯a defined as π
a = ∂L/∂ψ˙a and π¯a = ∂L/∂
˙¯ψ
a
are conjugate momenta of ψa and
ψ¯a; their Poisson brackets are {ψa, π
b} = δba and {ψ¯
a, π¯b} = δ
a
b . Also we shall use notation
pˆ ≡ γµpµ.
From Poisson brackets of the constraints
{D¯a, D
b} = −2i(pˆ−m)a
b , {Da, Db} = 0 , {D¯a, D¯b} = 0 , (72)
{T,Da} = {T, D¯a} = 0 (73)
we obtain directly that the constraint (69) and the half of the spinorial constraints (70), (71)
are first class constraints.
The separation of first and second class spinorial constraints in (70), (71) is achieved by the
projectors P± ≡
1
2m
(m± pˆ) where 1 = (P++P−). One can check that on mass shell p
2 = m2 we
obtain P±P± = P±, P+P− = 0. From eight real spinorial constraints (70), (71) we construct
the following sets of reducible constraints
F a = Db(pˆ+m)b
a , F¯a = (pˆ+m)a
bD¯b ; (74)
Ga = Db(pˆ−m)b
a , G¯a = (pˆ−m)a
bD¯b . (75)
Due to the relations
F b(pˆ−m)b
a = 0 , (pˆ−m)a
bF¯b = 0 ;
Gb(pˆ+m)b
a = 0 , (pˆ+m)a
bD¯b = 0
on the mass–shell (69) in the set of the constraints (F a, F¯a) there are only four real indepen-
dent constraints. Analogously, the constraints (Ga, G¯a) contain as well four real independent
constraints. Expressing the constraints (70), (71) in term of the constraints (74), (75) we get
Da = 1
2m
(F a −Ga) , D¯a =
1
2m
(F¯a − G¯a) .
The constraints (74), (75) satisfy the following Poisson brackets algebra
{F¯a, F
b} = −2i(pˆ +m)a
bT , {F a, F b} = {F¯a, F¯b} = 0 ,
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{F¯a, G
b} = {G¯a, F
b} = −2i(pˆ−m)a
bT , {F¯a, G¯b} = {F
a, Gb} = 0 ,
{G¯a, G
b} = −8im2(pˆ+m)a
b − 2i[2mδba + (pˆ+m)a
b]T , {Ga, Gb} = {G¯a, G¯b} = 0 .
From eight real spinorial constraints present in (70), (71) four independent constraints in
(F a, F¯a) are first class whereas four independent constraints contained in (G
a, G¯a) are second
class.
We shall employ the Gupta–Bleuler quantization method by imposing on the wave function
all first class constraints (T , F a, F¯a) and half of the second class constraints being in involution
(Ga or G¯b). We have two quantizations:
– bosonic chiral quantization, with the wave function satisfying the following wave equations
T |Ψ〉 = 0 , F a|Ψ〉 = 0 , F¯a|Ψ〉 = 0 , G¯a|Ψ〉 = 0 (76)
– bosonic antichiral quantization with the wave function submitted to the following equations
T |Ψ〉 = 0 , F a|Ψ〉 = 0 , F¯a|Ψ〉 = 0 , G
a|Ψ〉 = 0 . (77)
The reducible constraints F¯a and G¯a are equivalent to primary constraint D¯a; similarly the
constraints F a and are Ga equivalent to Da. Therefore one can express the wave equations (76),
(77) in other equivalent way
– bosonic chiral quantization:
T |Ψ〉 = 0 , D¯a|Ψ〉 = 0 , F
a|Ψ〉 = 0 (78)
– bosonic antichiral case in which wave function is subjected the following constraints
T |Ψ〉 = 0 , Da|Ψ〉 = 0 , F¯a|Ψ〉 = 0 . (79)
Let us consider chiral case (78) in more details. Using the realization
πa = −i∂/∂ψa , π¯a = −i∂/∂ψ¯
a
and the momentum-dependent wave function Ψ(p, ψ, ψ¯) one can write down the relations (78)
as follows
D¯aΨ = −i[
∂
∂ψ¯a
+ (pˆ−m)a
bψb]Ψ = 0 , (80)
F aΨ = −i
∂
∂ψb
(pˆ+m)b
aΨ = 0 , (81)
TΨ = (p2 +m2)Ψ = 0 . (82)
The equation (80) has the general solution
Ψ(p, ψ, ψ¯) = e−ψ¯(pˆ−m)ψΨ˜(p, ψ) (83)
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where the reduced wave function Ψ˜(p, ψ) depends only on ψ, i. e. we have the expansion
Ψ˜(p, ψ) =
∞∑
n=0
ψa1 · · ·ψanφ
a1···an(p) . (84)
Due to commuting nature of spinor ψa the component fields φ
a1···an(p) are totally symmetric
φa1···an(p) = φ(a1···an)(p) . (85)
The equations (81) provide the Dirac equations for these fields
(pˆ+m)a1
bφa1a2···an(p) = 0 . (86)
We see that the multispinorial fields (85) are Bargman–Wigner fields describing massive parti-
cles of spins n/2. Obviously the Klein–Gordon equation (82) is the consequence of (86).
5 Conclusion
The classical c-number higher spin fields (85–86) for any spin are mathematically correct, and
provide the relativistic quantum–mechanical description of one–particle states with arbitrary
mass and spin (see e. g. [20]). The concept of bosons and fermions is related with the symmetry
properties of multiparticle states, obtained in quantum field theory by quantum fields acting
on the vacuum state. The description of higher spin fields presented here (see (84), (85)) does
not take into consideration the spin–statistics theorem, however in the framework of first–
quantized one-particle classical mechanics we need not to specify the statistics. The transition
to the proper spin–statistic relation can be achieved in two way:
i) By introducing classical theory as a suitable limit ~→ 0 of quantized higher spin fields. In
such a case the half–integer spin fields will have the Grassmann nature (we recall that
fermionic quantum fields are described by infinite–dimensional Clifford algebras which
become in the limit ~→ 0 an infinite–dimensional Grassmann algebra).
ii) One can pass from one–particle wave function to the wave function describing multiparticle
states by suitable symmetrization procedure (besides bosonic and fermionic multiparticle
states one can introduce also parabosonic and parafermionic multiparticle states, with
‘mixed’ symmetry properties).
The wave functions obtained in this paper if used for the description of multiparticle states
should be therefore suitably symmetrized: one introduces symmetric products of one–particle
wave functions for integer spin fields, and totally antisymmetric products if spin is half–integer.
Such a procedure is well-known from the description of multi–particle states in quantum me-
chanics. If we wish to construct the quantum fields which generate multiparticle states from the
vacuum we should multiply the c-number wave functions by respective bosonic and fermionic
creation and annihilation operators. Such a procedure for obtaining fermionic fields with half-
integer spin or helicity can be applied to N = 1 massless case (Sect. 3) and N = 2 massive case
(Sect. 4), due to the presence of linear field equations.
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It should be added that c-number massive higher spin fields have been obtained also in
other papers from different relativistic particle models [10, 21, 22]. We should also add that
the realizations of ‘bosonic’ superalgebra was used in [23] for description of physical degrees
of freedom of the critical open string with N = 2 conformal symmetry in 2 + 2 dimensions.
Further one can point out that if one introduces fields on twistor spaces (see e. g. [6, 7]) usually
they are also commutative for any spin, or any helicity (in massless case).
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